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VARIANTS OF q-HYPERGEOMETRIC EQUATION
NAOYA HATANO, RYUYA MATSUNAWA, TOMOKI SATO, AND KOUICHI TAKEMURA
Abstract. We introduce two variants of q-hypergeometric equation. We obtain
several explicit solutions of variants of q-hypergeometric equation. We show that a
variant of q-hypergeometric equation can be obtained by a restriction of q-Appell
equation of two variables.
1. Introduction
One of the most important special function is the Gauss hypergeometric function
defined by
2F1(α, β; γ; z) = 1 +
αβ
γ
z +
α(α + 1)β(β + 1)
2! γ(γ + 1)
z2 + · · ·+
(α)n(β)n
n!(γ)n
zn + . . . ,(1.1)
where (λ)n = λ(λ+1) . . . (λ+n−1). It appears not only in physics as special functions
but also in pure mathematics (e.g. the number theory, the geometry including the
conformal mapping). The Gauss hypergeometric function satisfies the hypergeometric
differential equation
z(1 − z)
d2y
dz2
+ (γ − (α + β + 1)z)
dy
dz
− αβy = 0,(1.2)
which is a standard form of second order Fuchsian differential equation with three
regular singularities {0, 1,∞}.
A q-difference analogue of the hypergeometric function was introduced as
2φ1(a, b; c; x) =
∞∑
n=0
(a; q)n(b; q)n
(q; q)n(c; q)n
xn,(1.3)
where (λ, q)n is the q-pochhammer symbol defined by (λ, q)0 = 1 and
(1.4) (λ, q)n = (1− λ)(1− λq)(1− λq
2) . . . (1− λqn−1)
for the positive integer n. Eq. (1.3) is called the basis hypergeometric function or
q-hypergeometric function. It has studied extensively from the 19th century, and
a large number of formulas have been found. The basis hypergeometric function
2φ1(a, b; c; x) satisfies the basic (or q-difference) hypergeometric equation
(1.5) (x− q)f(x/q)− ((a+ b)x− q − c)f(x) + (abx − c)f(qx) = 0.
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Note that every coefficient of f(x/q), f(x) and f(qx) is linear in x. It is known that
the functions
x−α2φ1(a, aq/c; aq/b; cq/(abx)), x
−β
2φ1(b, bq/c; bq/a; cq/(abx))(1.6)
are solutions to Eq. (1.5), where α and β satisfy a = qα and b = qβ. Hahn found
other solutions in [3] and the function
∞∑
n=0
(abx/c; q)n
(a; q)n(b; q)n
(abq/c; q)n
qn(= 3φ2(a, b, abx/c; abq/c, 0; q))(1.7)
is a solution to Eq. (1.5). By a suitable limit as q → 1 of the q-difference hyperge-
ometric equation, we may obtain the hypergeometric differential equation (1.2). On
the q-difference equation as Eq. (1.5) (or Eq. (1.8)), the points x = 0 and x =∞ are
special because they are the accumulation points by the q-shift x→ qx→ q2x→ . . .
(or x→ q−1x→ q−2x→ . . . ). On the other hand, in the flamework of the differential
equation on the Riemann sphere C ∪ {∞} we can transform two points x = 0,∞ to
arbitrary distinct two points by the linear fractional transformation.
In this paper, we propose the variants of q-hypergeometric equation where the point
0 or∞ is essentially non-singular, and show that they have several explicit solutions.
Before introducing the variants of q-hypergeometric equation, we recall the q-Heun
equation. Hahn [4] introduced a q-difference analogue of Heun’s differential equation
of the form
(1.8) a(x)g(x/q) + b(x)g(x) + c(x)g(qx) = 0,
where a(x), b(x), c(x) are the polynomials such that degx a(x) = degx c(x) = 2,
a(0) 6= 0 6= c(0) and degx b(x) ≤ 2, and it was rediscovered in [8] as the equation
A〈4〉g(x) = Eg(x) where A〈4〉 is the fourth degeneration of Ruijsenaars-van Diejen
operator of one variable and E is a complex number. The equation A〈4〉g(x) = Eg(x)
is written as
(x− qh1+1/2t1)(x− q
h2+1/2t2)g(x/q) + q
α1+α2(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)
(1.9)
− {(qα1 + qα2)x2 + Ex+ q(h1+h2+l1+l2+α1+α2)/2(qβ/2 + q−β/2)t1t2}g(x) = 0,
and it gives a standard parametrization of the q-Heun equation. Note that the
Ruijsenaars-van Diejen system ([10, 6]) is a difference (or a relativistic) analogue
of quantum Inozemtsev system, and the (non-degenerate) Ruijsenaars-van Diejen
operator is written in terms of the elliptic theta function.
The secondly degenerated Ruijsenaars-van Diejen operator A〈2〉 and the thirdly
degenerated Ruijsenaars-van Diejen operator A〈3〉 were also obtained in [8], and they
were investigated from the viewpoint of the q-analogue of the apparent singularity in
[9]. For example, the equation A〈3〉g(x) = Eg(x) is characterized as Eq. (1.8) such
that a(x), b(x) and c(x) are polynomials, degx a(x) = degx c(x) = 3, degx b(x) ≤ 3,
a(0) 6= 0 6= c(0) and the singularity x = ∞ is essentially non-singular (see [9] for
more details and also for the equation A〈2〉g(x) = Eg(x)).
In this paper, we derive a variant of q-hypergeometric equation by imposing the
condition that the origin x = 0 is essentially non-singular on the q-Heun equation in
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Eq. (1.9). Then the condition is written as β = ±1 and E = −q(α1+α2+h1+h2+l1+l2)/2{(q−h2+
q−l2)t1+ (q
−h1 + q−l1)t2}, which we explain in section 2. Thus we introduce a variant
of the q-hypergeometric equation by
(x− qh1+1/2t1)(x− q
h2+1/2t2)g(x/q) + q
α1+α2(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)
(1.10)
− [(qα1 + qα2)x2 + Ex+ p(q1/2 + q−1/2)t1t2]g(x) = 0,
p = q(h1+h2+l1+l2+α1+α2)/2, E = −p{(q−h2 + q−l2)t1 + (q
−h1 + q−l1)t2}.
We call Eq. (1.10) the variant of the q-hypergeometric equation of degree two. Then
it is shown that there exist two dimensional convergent solutions to Eq. (1.10) whose
basis are written as
(1.11) xλ(1 + c˜2x
2 + c˜3x
3 + . . . ), xλ+1(1 + c˜′1x+ c˜
′
2x
2 + . . . ),
where
(1.12) λ = (h1 + h2 − l1 − l2 − α1 − α2 + 1)/2.
By the transformation h(x) = x−λg(x), the q-difference equation for the function
h(x) has two-dimensional holomorphic solutions about x = 0, and we may regard the
point x = 0 as non-singularity.
We investigate several explicit solutions to the variant of the q-hypergeometric
equation of degree two which was given in Eq. (1.10). To begin with, we look for the
solution about the infinity written as
(1.13) x−ρ
′
(1 + c1x
−1 + c2x
−2 + · · ·+ cnx
−n + . . . ),
which is analogous to Eq. (1.6). Then we can see directly that ρ′ = α1 or α2 by
substituting Eq. (1.13) into Eq. (1.10). Moreover we may calculate the coefficients cn
and we find that the solution for the case ρ′ = α1 is written as
g1(x) =x
−α1
∞∑
n=0
(q1/2x−1)n
(qλ+α1 ; q)n
(qα1−α2+1; q)n
·(1.14)
n∑
k=0
(qλ+α1−h2+l2; q)k(q
λ+α1−h1+l1 ; q)n−k
(q; q)k(q; q)n−k
(ql1t1)
k(ql2t2)
n−k
=x−α1
∞∑
ℓ=0
∞∑
k=0
(qλ+α1 ; q)k+ℓ
(qα1−α2+1; q)k+ℓ
(qλ+α1−h2+l2 ; q)k(q
λ+α1−h1+l1; q)ℓ
(q; q)k(q; q)ℓ
·
(ql1+1/2t1x
−1)k(ql2+1/2t2x
−1)ℓ.
It is a specialization of the q-Appell function
(1.15) Φ(1)(a; b, b′; c; q; x1, x2) =
∞∑
ℓ,k=0
(a; q)ℓ+k(b; q)ℓ(b
′; q)k
(q; q)ℓ(q; q)k(c; q)ℓ+k
xℓ1x
k
2 .
We can show that the variant of the q-hypergeometric equation of degree two is
obtained by considering restriction of the q-difference equations which the q-Appell
function satisfies. For details see section 3 and the appendix.
4 NAOYA HATANO, RYUYA MATSUNAWA, TOMOKI SATO, AND KOUICHI TAKEMURA
We investigate other solutions to the variant of the q-hypergeometric equation of
degree two. To find the solution in a similar form to Eq. (1.7), we set
g2(x) = x
λ
∞∑
n=0
cn
( x
ql1−1/2t1
; q
)
n
, (c0 = 1),(1.16)
and substitute it into Eq. (1.10). Then we find that the coefficients are determined
as
cn = q
n (q
λ+α1; q)n(q
λ+α2 ; q)n
(qh1−l1+1; q)n(qh2−l1+1t2/t1; q)n(q; q)n
.(1.17)
We show in Theorem 3.3 that the function
g2(x) = x
λ
3φ2
( x
ql1−1/2t1
, qλ+α1 , qλ+α2 ; qh1−l1+1, qh2−l1+1
t2
t1
; q; q
)
,(1.18)
is a solution to Eq. (1.10). Note that it would be related with the big q-Jacobi
polynomial (see [5]).
We also investigate a solution to the variant of the q-hypergeometric equation of
degree two in the form
g3(x) = x
−α1
∞∑
n=0
cn
(qh1+1/2t1
x
; q
)
n
, (c0 = 1).(1.19)
Then the coefficients are determined as
cn = q
n (q
λ+α1 ; q)n
(qh1−l2+1t1/t2; q)n
n∑
k=0
(qλ−h2+l2+α1 ; q)kq
k(k+1)/2(−qh1−l2t1/t2)
k
(qh1−l1+1; q)k(q; q)k(q; q)n−k
.(1.20)
Thus we can show that the function
g3(x) = x
−α1
[ ∞∑
n=0
(qh1+1/2t1
x
; q
)
n
qn(qλ+α1 ; q)n
(qh1−l2+1t1/t2; q)n
·(1.21)
n∑
k=0
(qλ−h2+l2+α1 ; q)kq
k(k+1)/2(−qh1−l2t1/t2)
k
(qh1−l1+1; q)k(q; q)k(q; q)n−k
]
is a solution to Eq. (1.10), which we show in Theorem 3.4.
We introduce another variant of basic hypergeometric equation by
(x− qh1+1/2t1)(x− q
h2+1/2t2)(x− q
h3+1/2t3)g(x/q)
(1.22)
+ q2α+1(x− ql1−1/2t1)(x− q
l2−1/2t2)(x− q
l3−1/2t3)g(qx)
+ qα[−(q + 1)x3 + q1/2{(qh1 + ql1)t1 + (q
h2 + ql2)t2 + (q
h3 + ql3)t3}x
2
− q(h1+h2+h3+l1+l2+l3+1)/2{(q−h1 + q−l1)t2t3 + (q
−h2 + q−l2)t1t3 + (q
−h3 + q−l3)t1t2}x
+ q(h1+h2+h3+l1+l2+l3)/2(q + 1)t1t2t3]g(x) = 0,
which we call the variant of the q-hypergeometric equation of degree three. See
section 2 for its derivation. The parameter α in Eq. (1.22) can be eliminated by
setting g(x) = x−αg˜(x). Note that Eq. (1.22) with the condition α = −1/2 is realized
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by a specialization of a variant of the q-Heun equation A〈3〉g(x) = Eg(x), where A〈3〉
is the thirdly degenerated Ruijsenaars-van Diejen operator.
We give a conjecture of solutions to the variant of the q-hypergeometric equation
of degree three, which suggest the hypergeometric structure of Eq. (1.22).
Conjecture 1. Set ν = (h1+h2+h3−l1−l2−l3+1)/2. Let (i, i
′, i′′) be a permutation
of (1, 2, 3).
(i) The function
h(x) = xν−α
∞∑
n=0
cn
( x
qli−1/2ti
; q
)
n
(1.23)
whose coefficients are determined by
cn =
qn(qν ; q)n
(qhi′−li+1ti′/ti; q)n(qhi′′−li+1ti′′/ti; q)n
n∑
k′=0
n−k′∑
k′′=0
cn,k′,k′′
(−qhi′−liti′
ti
)k′(−qhi′′−liti′′
ti
)k′′
,
(1.24)
cn,k′,k′′ = q
(k′+k′′)(k′+k′′+1)/2 (q
ν−h
i′
+l
i′ ; q)k′(q
ν−h
i′′
+l
i′′ ; q)k′′
(q; q)n−k′−k′′(q; q)k′(q; q)k′′(qhi−li+1; q)k′+k′′
is a solution to Eq. (1.22).
(ii) The function
h(x) = x−α
∞∑
n=0
cn
(qhi+1/2ti
x
; q
)
n
(1.25)
whose coefficients are determined by
cn =
qn(qν ; q)n
(qhi−li′+1ti/ti′ ; q)n(qhi−li′′+1ti/ti′′; q)n
n∑
k′=0
n−k′∑
k′′=0
cn,k′,k′′
(−qhi−li′ ti
ti′
)k′(−qhi−li′′ ti
ti′′
)k′′
,
(1.26)
cn,k′,k′′ = q
(k′+k′′)(k′+k′′+1)/2 (q
ν−h
i′
+l
i′ ; q)k′(q
ν−h
i′′
+l
i′′ ; q)k′′
(q; q)n−k′−k′′(q; q)k′(q; q)k′′(qhi−li+1; q)k′+k′′
is a solution to Eq. (1.22).
This paper is organized as follows. In section 2, we consider apparency of the
singularity and variants of the q-hypergeometric equation. In section 3, we establish
three solutions to the variant of the q-hypergeometric equation of degree two. In
section 4, we investigate relationship among the q-hypergeometric equation and its
variants, and consider the limit to obtain the differential equations as q → 1. In
section 5, we give concluding remarks. In the appendix, we investigate the q-Appell
function.
2. Apparency of the singularity and variants of q-hypergeometric
equation
We recall some facts on the regular singularity of the linear differential equation
(2.1) y′′ + p(z)y′ + q(z)y = 0,
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on the Riemann sphere C ∪ {∞}. The point z = 0 is called the regular singularity,
if the functions zp(z) and z2q(z) are analytic about the point z = 0. Write p0 =
limz→0 zp(z) and q0 = limz→0 z
2q(z). Then the quadratic polynomial ρ2+(p0−1)ρ+q0
and its roots are called the characteristic polynomial and the exponents about the
regular singularity z = 0. They play important roles in the study of the local solutions
about the regular singularity. We assume that the origin z = 0 is a regular singularity
of the differential equation (2.1) and write
(2.2) zp(z) =
∞∑
m=0
pmz
m, z2q(z) =
∞∑
m=0
qmz
m.
Let λ1 and λ2 be the exponents and write the characteristic polynomial as F (ρ).
Then we have F (ρ) = ρ2 + (p0− 1)ρ+ q0 = (ρ− λ1)(ρ− λ2). We now investigate the
solution to the differential equation (2.1) in the form
(2.3) y = zρ
∞∑
m=0
cmz
m, c0 = 1.
By substituting it into the differential equation, we find that F (ρ) = 0 and F (ρ +
m)cm +
∑m
k=1{(ρ+m− k)pk + qk}cm−k = 0 for m = 1, 2, . . . . Therefore the value ρ
coincides with one of the exponents, and write ρ = λj for j = 1 or 2. If F (λj+m) 6= 0
for every positive integer m, then the coefficients cm (m = 1, 2, . . . ) are determined
recursively and we obtain a convergent solution written as Eq. (2.3). If the difference
of the exponents is not an integer (i.e. λ2 − λ1 6∈ Z), then we have two independent
solutions. On the other hand, if λ2 − λ1 ∈ Z>0, then we have F (λ1 + N) = 0 for
N = λ2 − λ1(> 0) and the value cN is not determined by the recursive relation. The
values cm for m ≤ N − 1 are determined by the recursive relation and we have a
necessary condition
(2.4)
N∑
k=1
{(λ1 +N − k)pk + qk}cN−k = 0
for the existence of the non-zero series solution corresponding to the exponent λ1.
Otherwise, we need the logarithmic term for expressing the solution corresponding
to the exponent λ1. The regular singularity z = 0 is called apparent, if the condition
in Eq. (2.4) is satisfied.
We restrict to the case that N = 1. Then the condition for apparency of the
singularity is written as λ1p1 + q1 = 0. It follows from λ2 − λ1 = 1 that p0 =
1 − (λ1 + λ2) = −2λ1 and q0 = λ1(λ1 + 1). Set u = z
λ1y. Then the differential
equation for u is written as
(2.5)
d2u
dz2
+
{
2λ1
z
+ p(z)
}
du
dz
+
{
λ1(λ1 − 1)
z2
+
λ1
z
p(z) + q(z)
}
u = 0.
By recalling Eq. (2.4), we see that the coefficients of du/dz and u are analytic about
z = 0.Therefore we obtain the following proposition
Proposition 2.1. We assume that the exponents of the regular singularity z = 0
on Eq. (2.1) are λ1 and λ1 + 1, and the point z = 0 is apparent singularity. Set
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u = zλ1y. Then the point z = 0 is not the singularity on the differential equation for
the function u.
This motivates us to introduce the non-singularity for the origin z = 0 of the
difference equation.
We now investigate the linear difference equation
(2.6) u(x)g(x/q) + v(x)g(x) + w(x)g(qx) = 0,
where u(x), v(x), w(x) are polynomials. Write
u(x) =
∞∑
k=0
ukx
k, v(x) =
∞∑
k=0
vkx
k, w(x) =
∞∑
k=0
wkx
k,(2.7)
nk = vk = wk = 0 for sufficiently large k and assume that u0 6= 0 6= w0. Then the
origin x = 0 may be regarded as the regular singularity (see [1, 9]). We investigate
local solutions about x = 0 of the form
g(x) = xρ
∞∑
k=0
ckx
k, c0 = 1.(2.8)
By substituting this into Eq. (2.6) and looking at the coefficient of xρ, we have
q−ρu0 + v0 + q
ρw0 = 0,(2.9)
and we call it the characteristic equation about x = 0. The exponents are the
values ρ which satisfy the characteristic equation. Let λ′ be an exponent. If λ′ + n
(n = 1, 2, . . . ) is not an exponent, then the coefficient cn (n = 1, 2, . . . ) is determined
by
(
q−λ
′−nu0 + v0 + q
λ′+nw0
)
cn = −
n−1∑
k=0
(
q−λ
′−kun−k + vn−k + q
λ′+kwn−k
)
ck(2.10)
(see [9]). If λ′ + N is an exponent for some positive integer N , then we need the
equation
N−1∑
k=0
(
q−λ
′−kuN−k + vN−k + q
λ′+kwN−k
)
ck = 0.(2.11)
to have series solutions, otherwise we need logarithmic terms for the solution. If
Eq. (2.11) is satisfied, then the singularity x = 0 is called apparent (or non-logarithmic).
We restrict to the case N = 1. Then the value λ′ + 1 is also the exponent, i.e. we
have
q−λ
′
u0 + v0 + q
λ′w0 = 0, q
−λ′−1u0 + v0 + q
λ′+1w0 = 0.(2.12)
In this case, Eq. (2.11) is written as
q−λ
′
u1 + v1 + q
λ′w1 = 0.(2.13)
We use this condition for criterion of elimination of the singularity about x = 0.
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We examine it for the q-Heun equation. Recall that the q-Heun equation is written
as
(x− qh1+1/2t1)(x− q
h2+1/2t2)g(x/q) + q
α1+α2(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)
(2.14)
− {(qα1 + qα2)x2 + Ex+ q(h1+h2+l1+l2+α1+α2)/2(qβ/2 + q−β/2)t1t2}g(x) = 0.
The characteristic equation about the origin x = 0 is written as
qh1+h2+1q−λ − q(h1+h2+l1+l2+α1+α2)/2(qβ/2 + q−β/2) + ql1+l2+α1+α2−1qλ = 0.(2.15)
Hence the values
(2.16) (h1+ h2− l1− l2−α1−α2− β+2)/2, (h1+ h2− l1− l2−α1−α2+ β+2)/2
are exponents about x = 0. We assume that the values λ and λ + 1 are exponents
about x = 0 and the singularity x = 0 is apparent. Then we have β = ±1, λ =
(h1+h2− l1− l2−α1−α2+1)/2 and the condition in Eq. (2.13), which is equivalent
to
(2.17) E = −q(α1+α2+h1+h2+l1+l2)/2{(q−h2 + q−l2)t1 + (q
−h1 + q−l1)t2},
is satisfied. Thus we obtain the variant of q-hypergeometric equation of degree two,
which was introduced in Eq. (1.10).
Next we examine the q-difference equation of the form
(x− qh1+1/2t1)(x− q
h2+1/2t2)(x− q
h3+1/2t3)g(x/q)(2.18)
+ b˜(x− ql1−1/2t1)(x− q
l2−1/2t2)(x− q
l3−1/2t3)g(qx)
− [b3x
3 + b2x
2 + b1x+ b0]g(x) = 0.
We investigate the condition that the difference of the exponents at x = 0 is one and
the singularity x = 0 is apparent and also a similar condition for x =∞.
We investigate local solutions about x =∞ in the form
h(x) = (1/x)ρ˜
∞∑
k=0
c˜k(1/x)
k, c˜0 6= 0.(2.19)
Then a necessary condition for existence of non-zero solution is given by
qρ˜ − b3 + b˜q
−ρ˜ = 0,(2.20)
which is the characteristic equation about x =∞ and we call the roots the exponents
(see also [9]). We assume that α and α+ 1 are exponents and the singularity x =∞
is apparent. Then the condition is written as
qα − b3 + b˜q
−α = 0, qα+1 − b3 + b˜q
−α−1 = 0,
(2.21)
(qh1+1/2t1 + q
h2+1/2t2 + q
h3+1/2t3)q
α + b2 + b˜(q
l1−1/2t1 + q
l2−1/2t2 + q
l3−1/2t3)q
−α = 0.
Hence we have b˜ = q2α+1, b3 = q
α + qα+1 and b2 = −(q
h1t1 + q
h2t2 + q
h3t3 + q
l1t1 +
ql2t2 + q
l3t3)q
α+1/2. Next we consider the origin x = 0. The characteristic equation
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about x = 0 is written as
− q−ρqh1+h2+h3+3/2t1t2t3 − b0 − q
2α+1qρql1+l2+l3−3/2t1t2t3 = 0.(2.22)
The condition that λ and λ+ 1 are exponents and the singularity x = 0 is apparent
is written as
q−λqh1+h2+h3+3/2t1t2t3 + b0 + q
2α+1qλql1+l2+l3−3/2t1t2t3 = 0,(2.23)
q−λ−1qh1+h2+h3+3/2t1t2t3 + b0 + q
2α+1qλ+1ql1+l2+l3−3/2t1t2t3 = 0,
q−λqh1+h2+h3+3/2t1t2t3(1/(q
h1+1/2t1) + 1/(q
h2+1/2t2) + 1/(q
h3+1/2t3))− b1
+ q2α+1qλql1+l2+l3−3/2t1t2t3(1/(q
l1−1/2t1) + 1/(q
l2−1/2t2) + 1/(q
l3−1/2t3)) = 0.
Thus we have λ = (h1+h2+h3−l1−l2−l3−2α+1)/2, b0 = −q
(h1+h2+h3+l1+l2+l3+2α)/2(1+
q)t1t2t3, b1 = q
(h1+h2+h3+l1+l2+l3+2α+1)/2t1t2t3(1/(q
h1t1)+1/(q
h2t2)+1/(q
h3t3)+1/(q
l1t1)+
1/(ql2t2) + 1/(q
l3t3)). Therefore we obtain the variant of q-hypergeometric equation
of degree three, which was introduced in Eq. (1.22). Set ν = (h1 + h2 + h3− l1− l2−
l3 + 1)/2. The exponents about x = 0 are ν − α and ν − α + 1, and the singularity
x = 0 is apparent. The exponents about x =∞ are α and α+ 1, and the singularity
x =∞ is apparent.
3. Three solutions to the variant of q-hypergeometric equation of
degree two
In this section, we obtain three solutions to the variant of q-hypergeometric equa-
tion of degree two. One of them is related with the q-Appell function defined in
the appendix. In Proposition A.1 in the appendix, it is shown that the specialized
q-Appell function
(3.1) f(x1, x2) =
∞∑
n,m=0
(a; q)m+n(b; q)m(b
′; q)n
(bb′; q)m+n(q; q)m(q; q)n
(x1)
m(x2)
n
satisfies the q-difference equation
(aqx1 − b
′)(aqx2 − b)f(q
2x1, q
2x2) + q(x1 − 1)(x2 − 1)f(x1, x2)(3.2)
− (aq(q + 1)x1x2 − q(a+ b)x1 − q(a+ b
′)x2 + bb
′ + q)f(qx1, qx2) = 0.
We can obtain the variant of q-hypergeometric equation of degree two from Eq.(3.2)
as follows;
Proposition 3.1. Set
(3.3)
a = qλ+α1 , b = qλ+α1+l2−h2, b′ = qλ+α1+l1−h1, λ = (h1 + h2 − l1 − l2 − α1 − α2 + 1)/2.
If the function f(x1, x2) satisfies Eq. (3.2), then the function g(x) = x
−α1f(ql1+1/2t1/x, q
l2+1/2t2/x)
satisfies Eq. (1.10).
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Proof. We substitute x1 = d1/x, x2 = d2/x, f(qx1, qx2) = x
d3g(x) into Eq. (3.2).
Then we have
(x− ab′−1qd1)(x− ab
−1qd2)g(x/q)
(3.4)
− qd3(bb′)−1{(bb′ + q)x2 − q(a+ b)d1x− q(a+ b
′)d2z + aq
3/2(q1/2 + q−1/2)d1d2}g(x)
+ q2d3+1(bb′)−1(x− d1)(x− d2)g(qx) = 0.
By setting a = qλ+α1 , b = qλ+α1+l2−h2 , b′ = qλ+α1+l1−h1, d1 = q
l1−1/2t1, d2 = q
l2−1/2t2
and d3 = α1, we obtain Eq. (1.10). 
A solution to the variant of q-hypergeometric equation of degree two, which is
related with the q-Appell function, is written as follows;
Theorem 3.2. Let λ = (h1 + h2 − l1 − l2 − α1 − α2 + 1)/2. The function
g(x) =x−α1
∞∑
n=0
(q1/2x−1)n
(qλ+α1 ; q)n
(qα1−α2+1; q)n
(3.5)
·
n∑
k=0
(qλ+α1−h2+l2 ; q)k(q
λ+α1−h1+l1; q)n−k
(q; q)k(q; q)n−k
(ql1t1)
k(ql2t2)
n−k
is a solution of the variant of q-hypergeometric equation of degree two (i.e. Eq. (1.10)).
Note that the function which is obtained by replacing α1 with α2 is also a solution
of the variant of q-hypergeometric equation of degree two.
Proof. The function f(x1, x2) in Eq. (3.1) satisfies Eq. (3.2). It follows from Propo-
sition 3.1 that the function g(x) = x−α1f(ql1+1/2t1/x, q
l2+1/2t2/x) satisfies Eq. (1.10)
by specializing the parameters as Eq. (3.3). Then the function g(x) is expressed as
Eq. (3.5) in this specialization, and we obtain the theorem. 
Theorem 3.3. Set (i, i′) = (1, 2) or (2, 1). Then the function
g(x) = xλ
∞∑
n=0
(x/(qli−1/2ti); q)n
(qλ+α1 ; q)n(q
λ+α2 ; q)n
(qhi−li+1; q)n(qhi′−li+1ti′/ti; q)n(q; q)n
qn(3.6)
is a solution of the variant of q-hypergeometric equation of degree two (i.e. Eq. (1.10)).
Proof. We show the theorem in the case (i, i′) = (1, 2). Note that where the case
(i, i′) = (2, 1) is similar.
We determine the solution of the variant of q-hypergeometric equation of degree
two in the form
(3.7) g(x) = xλ
∞∑
n=0
an
(
x
ql1−1/2t1
; q
)
n
, a0 = 1.
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Set a−1 = a−2 = a−3 = 0. We substitute it into Eq. (1.10). On the term containing
g(qx), we have
qα1+α2(x− ql1−
1
2 t1)(x− q
l2−
1
2 t2)g(qx)
(3.8)
= qα1+α2+l1+l2−1t1t2
(
1−
x
ql1−1/2t1
)(
1−
x
ql2−1/2t2
)
(qx)λ
∞∑
n=0
an
(
qx
ql1−1/2t1
; q
)
n
= qα1+α2+l1+l2−1t1t2
(
1−
x
ql2−1/2t2
)
(qx)λ
∞∑
n=0
an
(
x
ql1−1/2t1
; q
)
n+1
.
It follows from the identity
(3.9)
(
1−
x
ql2−1/2t2
)
= (1− ql1−l2−n−1t1/t2) + q
l1−l2−n−1t1/t2
(
1−
qn+1x
ql1−1/2t1
)
that Eq. (3.8) is equal to
xλqα1+α2+λ+l1+l2−1t1t2
∞∑
n=0
{
an(1− q
l1−l2−n−1t1/t2)
(
x
ql1−1/2t1
; q
)
n+1
(3.10)
+ anq
l1−l2−n−1t1/t2
(
x
ql1−1/2t1
; q
)
n+2
}
= xλqα1+α2+λ+l1+l2−1t1t2
∞∑
n=0
{
an−1(1− q
l1−l2−nt1/t2)
(
x
ql1−1/2t1
; q
)
n
+ an−2q
l1−l2−n+1t1/t2
(
x
ql1−1/2t1
; q
)
n
}
.
On the term containing g(x/q), we have
(x− qh1+
1
2 t1)(x− q
h2+
1
2 t2)g(x/q)
(3.11)
= qh1+h2+1t1t2
(
1−
x
qh1+1/2t1
)(
1−
x
qh2+1/2t2
)(
x
q
)λ ∞∑
n=0
an
(
xq−1
ql1−1/2
; q
)
n
= qh1+h2+1t1t2
(
x
q
)λ(
1−
x
qh1+1/2t1
)(
1−
x
qh2+1/2t2
)
·
(
1−
xq−1
ql1−1/2t1
) ∞∑
n=0
an
(
x
ql1−1/2
; q
)
n−1
.
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It follows from the identity(
1−
x
qh1+1/2t1
)(
1−
x
qh1+1/2t2
)(
1−
xq−1
ql1−1/2t1
)
(3.12)
= A[−]n +B
[−]
n
(
1−
qn−1x
ql1−1/2t1
)
+ C [−]n
(
1−
qn−1x
ql1−1/2t1
)(
1−
qnx
ql1−1/2t1
)
+D[−]n
(
1−
qn−1x
ql1−1/2t1
)(
1−
qnx
ql1−1/2t1
)(
1−
qn+1x
ql1−1/2t1
)
,
A[−]n = (1− q
l1−h1−n)(1− ql1−h2−nt1/t2)(1− q
−n),
(3.13)
B[−]n = q
l1−h1−n + ql1−h2−nt1/t2 + q
−n − {ql1−h1−2n + ql1−h2−2n(1 + ql1−h1)t1/t2}(1 + q
−1)
+ q2l1−h1−h2+3n(1 + q−1 + q−2)t1/t2,
C [−]n = {q
l1−h1−2n + ql1−h2−2n(1 + ql1−h1)t1/t2}q
−1 − q2l1−h1−h2−3n−1(1 + q−1 + q−2)t1/t2,
D[−]n = q
2l1−h1−h2−3n−3t1/t2,
that Eq. (3.11) is equal to
xλqh1+h2−λ+1t1t2
[ ∞∑
n=0
an
{
A[−]n
(
x
ql1−1/2t1
; q
)
n−1
+B[−]n
(
x
ql1−1/2t1
; q
)
n
(3.14)
+ C [−]n
(
x
ql1−1/2t1
; q
)
n+1
+D[−]n
(
x
ql1−1/2t1
; q
)
n+2
}]
= xλqh1+h2−λ+1t1t2
{ ∞∑
n=0
an+1A
[−]
n+1
(
x
ql1−1/2t1
; q
)
n
+ anB
[−]
n
(
x
ql1−1/2t1
; q
)
n
+ an−1C
[−]
n−1
(
x
ql1−1/2
; q
)
n
+ an−2D
[−]
n−2
(
x
ql1−1/2t1
; q
)
n
}
.
To calculate the term containing g(x), we set
(qα1 + qα2)x2 + Ex+ q(h1+h2+l1+l2+α1+α2)/2(q1/2 + q−1/2)t1t2(3.15)
= A[0]n +B
[0]
n
(
1−
qnx
ql1−1/2t1
)
+ C [0]n
(
1−
qn+1x
ql1−1/2t1
)(
1−
qnx
ql1−1/2t1
)
.
Then we have
A[0]n = t1t2q
h1+h2−λ1+1/2(q1/2 + q−1/2) + t1q
l1−n−1/2E + t21q
2l1−2n−1(qα1 + qα2),(3.16)
B[0]n = −t1q
l1−n−1/2E − t21q
2l1−2n−2(qα1 + qα2)(1 + q),
C [0]n = t
2
1q
2l1−2n−2(qα1 + qα2).
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Note that E = −q(h1+h2+l1+l2+α1+α2)/2{(q−h2 + q−l2)t1 + (q
−h1 + q−l1)t2}. Hence
{(qα1 + qα2)x2 + Ex+ q(h1+h2+l1+l2+α1+α2)/2(q1/2 + q−1/2)t1t2}x
λ
∞∑
n=0
an
(
x
ql1−1/2t1
; q
)
n
(3.17)
= xλ
{ ∞∑
n=0
anA
[0]
n
(
x
ql1−1/2t1
; q
)
n
+
∞∑
n=0
an−1B
[0]
n−1
(
x
ql1−1/2t1
; q
)
n
+
∞∑
n=0
an−2C
[0]
n−2
(
x
ql1−1/2t1
; q
)
n
}
.
Therefore, if g(x) is expressed as Eq. (3.7), then we have
(x− qh1+1/2t1)(x− q
h2+1/2t2)g(x/q) + q
α1+α2(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)
(3.18)
− [(qα1 + qα2)x2 + Ex+ q(h1+h2+l1+l2+α1+α2)/2(q1/2 + q−1/2)t1t2]g(x)
=
∞∑
n=0
−t21q
2l1−λ−3n−2Q(an+1, an, an−1, an−2)
(
x
ql1−1/2t1
; q
)
n
,
where
Q(an+1, an, an−1, an−2) = (1− q
h1−l1+n+1)(1− qh2−l1+n+1t2/t1)(1− q
n+1)an+1(3.19)
− q(1− qλ+α1+n)(1− qλ+α2+n)an
− q3(1 + q−1)(1− qh1−l1+n)(1− qh2−l1+nt2/t1)(1− q
n)an
+ q4(1 + q−1)(1− qλ+α1+n−1)(1− qλ+α2+n−1)an−1
+ q5(1− qh1−l1+n−1)(1− qh2−l1+n−1t2/t1)(1− q
n−1)an−1
− q6(1− qλ+α1+n−2)(1− qλ+α2+n−2)an−2.
Then Q(a0, 0, 0, 0) is identically zero, and the coefficients an+1 (n = 0, 1, 2, . . . ) are
determined recursively by Q(an+1, an, an−1, an−2) = 0. We set
(3.20)
a˜n = (1−q
h1−l1+n+1)(1−qh2−l1+n+1t2/t1)(1−q
n+1)an+1−q(1−q
λ+α1+n)(1−qλ+α2+n)an.
Then the equation Q(an+1, an, an−1, an−2) = 0 is equivalent to
(3.21) a˜n − q
2(1 + q)a˜n−1 + q
5a˜n−2 = 0, n = 0, 1, 2, . . . .
It follows from a−1 = a−2 = a−3 = 0 that a˜−1 = a˜−2 = 0. Hence we have a˜n = 0 for
n = 0, 1, 2, . . . . Namely
(3.22) an+1 =
q(1− qλ+α1+n)(1− qλ+α2+n)
(1− qh1−l1+n+1)(1− qh2−l1+n+1t2/t1)(1− qn+1)
an.
Therefore we obtain the solution
(3.23) g(x) = xλ
∞∑
n=0
qn
(qλ+α1 ; q)n(q
λ+α2 ; q)n
(qh1−l1+1; q)n(qh2−l1+1t2/t1; q)n(q; q)n
(
x
ql1−1/2t1
; q
)
n
.
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
Theorem 3.4. Set (i, i′) = (1, 2) or (2, 1). Then the function
g(x) = x−α1
[ ∞∑
n=0
(qhi+1/2ti/x; q)n
(qλ+α1 ; q)n
(qhi−li′+1ti/ti′; q)n
qn·(3.24)
n∑
k=0
(qλ−hi′+li′+α1 ; q)k
(qhi−li+1; q)k(q; q)k(q; q)n−k
qk(k+1)/2(−qhi−li′ ti/ti′)
k
]
.
is a solution of the variant of q-hypergeometric equation of degree two (i.e. Eq. (1.10)).
Note that the function which is obtained by replacing α1 with α2 is also a solution
of the variant of q-hypergeometric equation of degree two.
Proof. We show the theorem in the case (i, i′) = (1, 2). We determine the solution of
the variant of q-hypergeometric equation of degree two in the form
(3.25) g(x) = x−α1
∞∑
n=0
cn
(
qh1+1/2t1
x
; q
)
n
, c0 = 1.
Set a−1 = a−2 = a−3 = 0. The following formulas are shown directly;
(
x− qh1+1/2t1
)(qh1+1/2t1
x/q
; q
)
n
= x
(
qh1+1/2t1
x
; q
)
n+1
,(3.26)
(
qh1+1/2t1
qx
; q
)
n
=
(
1−
qh1+1/2t1
qx
)(
qh1+1/2t1
x
; q
)
n−1
,
(
1−
qh1+1/2t1
x
qn
)(
qh1+1/2t1
x
; q
)
n
=
(
qh1+1/2t1
x
; q
)
n+1
.
We substitute the function g(x) in Eq. (3.25) into Eq. (1.10). Then we have
qα1
∞∑
n=0
cn
(
1−
qh2+1/2t2
x
)(
qh1+1/2t1
x
; q
)
n+1
(3.27)
−
∞∑
n=0
cn
{
(qα1 + qα2) +
E
x
+
q(h1+h2+l1+l2+α1+α2)/2(q1/2 + q−1/2)t1t2
x2
}(
qh1+1/2t1
x
; q
)
n
+ qα2
∞∑
n=0
cn
(
1−
ql1−1/2t1
x
)(
1−
ql2−1/2t2
x
)(
1−
qh1+1/2t1
qx
)(
qh1+1/2t1
x
; q
)
n−1
= 0.
VARIANTS OF q-HYPERGEOMETRIC EQUATION 15
Note that E = −q(h1+h2+l1+l2+α1+α2)/2{(q−h2 + q−l2)t1 + (q
−h1 + q−l1)t2}. We can
determine the constants from the following identities
1− qh2+1/2t2/x = A
[−]
n +B
[−]
n
(
1−
qh1+1/2t1
x
qn+1
)
,
(3.28)
(qα1 + qα2) +
E
x
+
q(h1+h2+l1+l2+α1+α2)/2(q1/2 + q−1/2)t1t2
x2
= A[0]n +B
[0]
n
(
1−
qh1+1/2t1
x
qn
)
+ C [0]n
(
1−
qh1+1/2t1
x
qn
)(
1−
qh1+1/2t1
x
qn+1
)
,(
1−
ql1−1/2t1
x
)(
1−
ql2−1/2t2
x
)(
1−
qh1+1/2t1
qx
)
= A[+]n +B
[+]
n
(
1−
qh1+1/2t1
x
qn−1
)
+ C [+]n
(
1−
qh1+1/2t1
x
qn−1
)(
1−
qh1+1/2t1
x
qn
)
+D[+]n
(
1−
qh1+1/2t1
x
qn−1
)(
1−
qh1+1/2t1
x
qn
)(
1−
qh1+1/2t1
x
qn+1
)
.
Then Eq. (3.27) is equivalent to
0 = qα1
∞∑
n=0
cn
{
A[−]n
(
qh1+1/2t1
x
; q
)
n+1
+B[−]n
(
qh1+1/2t1
x
; q
)
n+2
}(3.29)
−
∞∑
n=0
cn
{
A[0]n
(
qh1+1/2t1
x
; q
)
n
+B[0]n
(
qh1+1/2t1
x
; q
)
n+1
+ C [0]n
(
qh1+1/2t1
x
; q
)
n+2
}
+ qα2
∞∑
n=0
cn
{
A[+]n
(
qh1+1/2t1
x
; q
)
n−1
+B[+]n
(
qh1+1/2t1
x
; q
)
n
+C [+]n
(
qh1+1/2t1
x
; q
)
n+1
+D[+]n
(
qh1+1/2t1
x
; q
)
n+2
}
=
∞∑
n=0
Q(cn−2, cn−1, cn, cn+1)
(
qh1+1/2t1
x
; q
)
n
,
where
Q(cn−2, cn−1, cn, cn+1) = {q
α1B
[−]
n−2 + q
α2D
[+]
n−2 − C
[0]
n−2}cn−2
(3.30)
+ {qα1A
[−]
n−1 + q
α2C
[+]
n−1 −B
[0]
n−1}cn−1 + {q
α2B[+]n −A
[0]
n }cn + q
α2A
[+]
n+1cn+1.
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Set X = −qh1−l2t1/t2, Y1 = q
h1−l1 , Y2 = q
λ+α1 , Y3 = q
h2−l2 . Then we have
{qα1B
[−]
n−2 + q
α2D
[+]
n−2 − C
[0]
n−2}t1/t2
(3.31)
= qh2−h1−2λ−α1−3n+4(1− qλ+α1+n−1)(1− qλ+α1+n−2),
{qα1A
[−]
n−1 + q
α2C
[+]
n−1 − B
[0]
n−1}t1/t2
= −qh2−h1−2λ−α1−2n+2(1− qλ+α1+n−1){(1− Y2Y3q
n−1)X
− (1− q−n+1 − q−n − q−n−1 + Y1 + Y2q
−1)},
{qα2B[+]n − A
[0]
n }t1/t2
= qh2−h1−2λ−α1−2n{(1 + q − qn+1 − Y1q
n+1 + Y1q
2n+1 − Y2q
n − Y2Y3q
n + Y 22 Y3q
2n)X
− (1 + q − q−n−1 − q−n − q−n+1 + Y1 + Y1q − Y1q
n+1 + Y2 + Y2q
−1 − Y2q
n − Y1Y2q
n)},
qα2A
[+]
n+1t1/t2 = q
h2−h1−2λ−α1−2n−1(1− Y1q
n+1)(1 +Xqn+1)(1− q−n−1).
Write cn =
qn(qλ+α1 ; q)n
(qh1−l2+1t1/t2; q)n
c˜n. Then the equation Q(cn−2, cn−1, cn, cn+1) = 0 is
equivalent to
q−n+2(1 +Xqn−1)(1 +Xqn)c˜n−2
(3.32)
− q{(1− Y2Y3q
n−1)X − (1− q−n+1 − q−n − q−n−1 + Y1 + Y2q
−1)}(1 +Xqn)c˜n−1
+ {(1 + q − qn+1 − Y1q
n+1 + Y1q
2n+1 − Y2q
n − Y2Y3q
n + Y 22 Y3q
2n)X
− (1 + q − q−n−1 − q−n − q−n+1 + Y1 + Y1q − Y1q
n+1 + Y2 + Y2q
−1 − Y2q
n − Y1Y2q
n)}c˜n
+ (1− Y1q
n+1)(1− Y2q
n)(1− q−n−1)c˜n+1 = 0.
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By substituting c˜n =
n∑
k=0
cn,kX
k, we have
0 =
n∑
k=0
{qn+1Xk+2 + q(1 + q)Xk+1 + q−n+2Xk}cn−2,k
(3.33)
−
n∑
k=0
q{(1− Y2Y3q
n−1)X − (1− q−n+1 − q−n − q−n−1 + Y1 + Y2q
−1)}(1 +Xqn)Xkcn−1,k
+
n∑
k=0
{(1 + q − qn+1 − Y1q
n+1 + Y1q
2n+1 − Y2q
n − Y2Y3q
n + Y 22 Y3q
2n)X
− (1 + q − q−n−1 − q−n − q−n+1 + Y1 + Y1q − Y1q
n+1 + Y2 + Y2q
−1 − Y2q
n − Y1Y2q
n)}Xkcn,k
+
n∑
k=0
(1− Y1q
n+1)(1− Y2q
n)(1− q−n−1)Xkcn+1,k
=
n∑
k=0
Q˜(n, k)Xk,
where
Q˜(n, k) =
(3.34)
qn+1cn−2,k−2 + q(1 + q)cn−2,k−1 + q
−n+2cn−2,k − q
n+1(1− Y2Y3q
n−1)cn−1,k−2
− q(2 + q−1 + q − qn − Y1q
n − Y2q
n−1 − Y2Y3q
n−1)cn−1,k−1
+ q(1− q−n+1 − q−n − q−n−1 + Y1 + Y2q
−1)cn−1,k
+ (1 + q − qn+1 − Y1q
n+1 + Y1q
2n+1 − Y2q
n − Y2Y3q
n + Y 22 Y3q
2n)cn,k−1
− (1 + q − q−n−1 − q−n − q−n+1 + Y1 + Y1q − Y1q
n+1 + Y2 + Y2q
−1 − Y2q
n − Y1Y2q
n)cn,k
+ (1− Y1q
n+1)(1− Y2q
n)(1− q−n−1)cn+1,k.
We show that
cn,k = q
k(k+1)/2 (q
λ+α1+l2−h2; q)k
(qh1−l1+1; q)k(q; q)k(q; q)n−k
= qk(k+1)/2
(Y2Y3; q)k
(Y1q; q)k(q; q)k(q; q)n−k
(3.35)
satisfies the equation Q˜(n, k) = 0 for 0 ≤ k ≤ n. It follows from cn−2,k = (1 −
qn−k−1)(1 − qn−k)cn,k, cn−1,k = (1 − q
n−k)cn,k and cn+1,k =
1
1− qn−k+1
cn,k that the
equation Q˜(n, k) = 0 is equivalent to
− q2k(1− qn−k+1)(1− qn−k+2)(1− Y2Y3q
k−2)cn,k−2(3.36)
+ qk+1(1− qn−k+1)(1− Y1q
k−1)(1− qk−1)cn,k−1
+ qk(1− Y2q
k−1)(1− Y2Y3q
k−1)(1− qn−k+1)cn,k−1
− (1− Y2q
k−1)(1− Y1q
k)(1− qk)cn,k = 0.
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On the other hand, it follows from Eq. (3.35) that
cn,k = q
k (1− Y2Y3q
k−1)(1− qn−k+1)
(1− Y1qk)(1− qk)
cn,k−1.(3.37)
Therefore we obtain Eq. (3.36), and the function
(3.38) g(x) = x−α1
∞∑
n=0
(
qh1+1/2t1
x
; q
)
n
qn(qλ1+α1 ; q)n
(qh1−l2+1t1/t2; q)n
n∑
k=0
cn,kX
k
is a solution of the variant of q-hypergeometric equation of degree two. 
4. Several limits of variants of q-hypergeometric equation
We investigate relationship among the q-hypergeometric equation and its variants,
and consider the limit to obtain the differential equations as q → 1.
4.1. From the variant of the q-hypergeometric equation of degree three to
the variant of the q-hypergeometric equation of degree two. Recall that the
variant of the q-hypergeometric equation of degree three was given by
(x− qh1+1/2t1)(x− q
h2+1/2t2)(x− q
h3+1/2t3)g(x/q)
(4.1)
+ q2α+1(x− ql1−1/2t1)(x− q
l2−1/2t2)(x− q
l3−1/2t3)g(qx)
+ qα[−(q + 1)x3 + q1/2{(qh1 + ql1)t1 + (q
h2 + ql2)t2 + (q
h3 + ql3)t3}x
2
− q(h1+h2+h3+l1+l2+l3+1)/2{(q−h1 + q−l1)t2t3 + (q
−h2 + q−l2)t1t3 + (q
−h3 + q−l3)t1t2}x
+ q(h1+h2+h3+l1+l2+l3)/2(q + 1)t1t2t3]g(x) = 0.
We divide it by −qh3+1/2t3 and consider the limit t3 → ∞ (i.e. 1/t3 → 0) while the
variable x is fixed. Then the equation tends to
(x− qh1+1/2t1)(x− q
h2+1/2t2)g(x/q) + q
2α+l3−h3(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)
(4.2)
− [(qα + qα−h3+l3)x2 − q(h1+h2+l1+l2+2α−h3+l3)/2{(q−h1 + q−l1)t2 + (q
−h2 + q−l2)t1}x
+ q(h1+h2+l1+l2+2α−h3+l3)/2(q1/2 + q−1/2)t1t2]g(x) = 0.
Therefore we obtain the variant of the q-hypergeometric equation of degree two given
in Eq. (1.10) with the parameter {α1, α2} = {α, α− h3 + l3}.
We investigate the limit of the solutions given in Conjecture 1 as t3 → ∞. Recall
that the parameter ν = (h1 + h2 + h3 − l1 − l2 − l3 + 1)/2 (resp. the parameter
λ = (h1+h2− l1− l2−α1−α2+1)/2) was used to express the solutions of the variant
of the q-hypergeometric equation of degree three (resp. degree two). For simplicity,
we consider the case α1 = α and α2 = α − h3 + l3. Then we have α1 − α2 = h3 − l3,
ν = λ+ α1 and ν − h3 + l3 = λ+ α2.
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We pick up the solution of the variant of the q-hypergeometric equation of degree
three in Conjecture 1 (i) and (i, i′, i′′) = (1, 2, 3). Then the solution is written as
h(x) = xν−α
∞∑
n=0
cn
( x
ql1−1/2t1
; q
)
n
,(4.3)
where
cn =
qn(qν ; q)n
(qh2−l1+1t2/t1; q)n(qh3−l1+1t3/t1; q)n
n∑
k2=0
n−k2∑
k3=0
cn,k2,k3
(−qh2−l1t2
t1
)k2(−qh3−l1t3
t1
)k3
,
(4.4)
cn,k2,k3 = q
(k2+k3)(k2+k3+1)/2
(qν−h2+l2; q)k2(q
ν−h3+l3 ; q)k3
(q; q)n−k2−k3(q; q)k2(q; q)k3(q
h1−l1+1; q)k2+k3
.
On the limit t3 → ∞, the terms except for k2 = 0, k3 = n vanish in Eq. (4.4), and
we have
cn → q
n (q
ν ; q)n
(qh2−l1+1t2/t1; q)n
(qν−h3+l3 ; q)n
(q; q)n(qh1−l1+1; q)n
.(4.5)
Since ν = λ + α = λ + α1 and ν − h3 + l3 = λ + α2, we obtain the function g(x)
in Theorem 3.3 for (i, i′) = (1, 2). We can also obtain function g(x) in Theorem
3.3 for (i, i′) = (2, 1) by considering the limit from Conjecture 1 (i) for the case
(i, i′, i′′) = (2, 1, 3).
h(x) = x−α
∞∑
n=0
cn
(qhi+1/2ti
x
; q
)
n
(4.6)
whose coefficients are determined by
cn =
qn(qν ; q)n
(qhi−li′+1ti/ti′ ; q)n(qhi−li′′+1ti/ti′′; q)n
n∑
k′=0
n−k′∑
k′′=0
cn,k′,k′′
(−qhi−li′ ti
ti′
)k′(−qhi−li′′ ti
ti′′
)k′′
,
(4.7)
cn,k′,k′′ = q
(k′+k′′)(k′+k′′+1)/2 (q
ν−h
i′
+l
i′ ; q)k′(q
ν−h
i′′
+l
i′′ ; q)k′′
(q; q)n−k′−k′′(q; q)k′(q; q)k′′(qhi−li+1; q)k′+k′′
Next we pick up the solution of the variant of the q-hypergeometric equation of
degree three in Conjecture 1 (ii) and (i, i′, i′′) = (1, 2, 3). Then the solution is written
as
h(x) = x−α
∞∑
n=0
cn
(qh1+1/2t1
x
; q
)
n
,(4.8)
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where
cn =
qn(qν ; q)n
(qh1−l2+1t1/t2; q)n(qh1−l3+1t1/t3; q)n
n∑
k2=0
n−k2∑
k3=0
cn,k2,k3
(−qh1−l2t1
t2
)k2(−qh1−l3t1
t3
)k3
,
(4.9)
cn,k2,k3 = q
(k2+k3)(k2+k3+1)/2
(qν−h2+l2; q)k2(q
ν−h3+l3 ; q)k3
(q; q)n−k2−k3(q; q)k2(q; q)k3(q
h1−l1+1; q)k2+k3
.
On the limit t3 →∞, the terms except for k3 = 0 vanish in Eq. (4.9), and we have
cn = q
n (q
ν; q)n
(qh1−l2+1t1/t2; q)n
n∑
k2=0
qk2(k2+1)/2
(qν−h2+l2 ; q)k2
(q; q)n−k2(q; q)k2(q
h1−l1+1; q)k2
(−qh1−l2t1
t2
)k2
.
(4.10)
Since ν = λ + α1, we obtain the function g(x) in Theorem 3.4 for (i, i
′) = (1, 2). We
can also obtain function g(x) in Theorem 3.4 for (i, i′) = (2, 1) by considering the
limit from Conjecture 1 (ii) for the case (i, i′, i′′) = (2, 1, 3).
We pick up the solution of the variant of the q-hypergeometric equation of degree
three in Conjecture 1 (ii) and (i, i′, i′′) = (3, 1, 2). Then the solution is written as
h(x) = x−α
∞∑
n=0
cn
(qh3+1/2t3
x
; q
)
n
,(4.11)
whose coefficients are determined by
cn = q
n (q
ν ; q)n
(qh3−l1+1t3/t1; q)n(qh3−l2+1t3/t2; q)n
n∑
k2=0
n−k2∑
k1=0
cn,k1,k2(−q
h3−l1t3/t1)
k1(−qh3−l2t3/t2)
k2,
(4.12)
cn,k1,k2 = q
(k1+k2)(k1+k2+1)/2
(qν−h1+l1; q)k1(q
ν−h2+l2 ; q)k2
(q; q)n−k1−k2(q; q)k1(q; q)k2(q
h3−l3+1; q)k1+k2
On the limit t3 →∞, the terms except for k2 + k3 = n vanish in Eq. (4.12), and we
have
cn
(qh3+1/2t3
x
; q
)
n
(4.13)
→
(q1/2
x
)n (qν ; q)n
(qh3−l3+1; q)n
n∑
k=0
(qν−h1+l1 ; q)n−k(q
ν−h2+l2; q)k
(q; q)k(q; q)n−k
(ql1t1)
k(ql2t2)
n−k
Since α = α1 and ν = λ+ α1, we obtain the function g(x) in Theorem 3.2.
In summary, we recovered the solutions of the variant of the q-hypergeometric
equation of degree two in Theorems 3.2, 3.3 and 3.4 by the limit from the solutions
of the variant of the q-hypergeometric equation of degree three in Conjecture 1.
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4.2. From the variant of the q-hypergeometric equation of degree two to
the q-hypergeometric equation. We investigate the limit from the variant of the
q-hypergeometric equation of degree two to the q-hypergeometric equation. Recall
that the variant of the q-hypergeometric equation of degree two was given by
0 = (x− qh1+1/2t1)(x− q
h2+1/2t2)g(x/q) + q
α1+α2(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)
(4.14)
− [(qα1 + qα2)x2 − p{(q−h2 + q−l2)t1 + (q
−h1 + q−l1)t2}x+ p(q
1/2 + q−1/2)t1t2]g(x),
where p = q(h1+h2+l1+l2+α1+α2)/2. We take the limit t2 → 0. Then we have
(x− qh1+1/2t1)g(x/q) + q
α1+α2(x− ql1−1/2t1)g(qx)(4.15)
− [(qα1 + qα2)x− q(h1+h2+l1+l2+α1+α2)/2(q−h2 + q−l2)t1]g(x) = 0.
It is a standard form of the q-hypergeometric equation (see Eq. (1.5)), if
(4.16)
t1 = 1, h1 = 1/2, h2 − l2 = α1 + α2 + l1 − 3/2, a = q
α1 , b = qα2 , c = qα1+α2+l1−1/2.
We investigate the limit of the solutions given in Theorems 3.2, 3.3 and 3.4 as
t2 →∞. We pick up the solution of the variant of the q-hypergeometric equation of
degree two in Theorem 3.2 and (i, i′) = (1, 2). Then it is written as
g(x) =x−α1
∞∑
n=0
(q1/2x−1)n
(qλ+α1 ; q)n
(qα1−α2+1; q)n
(4.17)
·
n∑
k=0
(qλ+α1−h2+l2 ; q)k(q
λ+α1−h1+l1; q)n−k
(q; q)k(q; q)n−k
(ql1t1)
k(ql2t2)
n−k,
where λ = (h1 + h2 − l1 − l2 − α1 − α2 + 1)/2. We take the limit t2 → 0. Then the
terms except for k = n vanishes and we have
g(x)→ x−α1
∞∑
n=0
(qλ+α1 ; q)n
(qα1−α2+1; q)n
(qλ+α1−h2+l2 ; q)n
(q; q)n
(ql1+1/2t1
x
)n
.(4.18)
Then we can show directly that the right-hand side of Eq. (4.18) satisfies Eq.(4.15).
Under the relation in Eq. (4.16), we have the relation λ = 0 and we recover Eq. (1.6).
The solution of the variant of the q-hypergeometric equation of degree two in
Theorem 3.3 and (i, i′) = (1, 2) is written as
g(x) = xλ
∞∑
n=0
( x
ql1−1/2t1
; q
)
n
qn
(qλ+α1 ; q)n(q
λ+α2 ; q)n
(qh1−l1+1; q)n(qh2−l1+1t2/t1; q)n(q; q)n
.(4.19)
As t2 → 0, we have
g(x)→ xλ
∞∑
n=0
( x
ql1−1/2t1
; q
)
n
(qλ+α1 ; q)n(q
λ+α2 ; q)n
(qh1−l1+1; q)n(q; q)n
qn,(4.20)
and the limit is a solution to Eq.(4.15). Under the relation in Eq. (4.16), we recover
Eq. (1.7).
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The solution of the variant of the q-hypergeometric equation of degree two in
Theorem 3.3 and (i, i′) = (2, 1) is written as
g(x) = xλ
∞∑
n=0
( x
ql2−1/2t2
; q
)
n
qn
(qλ+α1 ; q)n(q
λ+α2 ; q)n
(qh2−l2+1; q)n(qh1−l2+1t1/t2; q)n(q; q)n
.(4.21)
As t2 → 0, we have
g(x)→ xλ
∞∑
n=0
(qλ+α1 ; q)n(q
λ+α2 ; q)n
(qh2−l2+1; q)n(q; q)n
( x
qh1−1/2t1
)n
,(4.22)
and the limit is a solution to Eq.(4.15). Under the relation in Eq. (4.16), we recover
Eq. (1.3).
The solution of the variant of the q-hypergeometric equation of degree two in
Theorem 3.4 and (i, i′) = (1, 2) is written as
g(x) = x−α1
∞∑
n=0
(qh1+1/2t1
x
; q
)
n
qn(qλ+α1 ; q)n
(qh1−l2+1t1/t2; q)n
·(4.23)
n∑
k=0
(qλ−h2+l2+α1 ; q)kq
k(k+1)/2(−qh1−l2t1/t2)
k
(qh1−l1+1; q)k(q; q)k(q; q)n−k
.
As t2 → 0, we have
g(x)→ x−α1
∞∑
n=0
(qh1+1/2t1
x
; q
)
n
(qλ+α1 ; q)n(q
λ+α1−h2+l2 ; q)n
(qh1−l1+1; q)n(q; q)n
qn,(4.24)
and the limit is a solution to Eq.(4.15).
4.3. Limit to the differential equation. We are going to obtain a differential
equation from the difference equation by taking a suitable limit.
Recall that the variant of the q-hypergeometric equation of degree two was given
by
(x− qh1+1/2t1)(x− q
h2+1/2t2)g(x/q) + q
α1+α2(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)
(4.25)
− [(qα1 + qα2)x2 + Ex+ p(q1/2 + q−1/2)t1t2]g(x) = 0,
p = q(h1+h2+l1+l2+α1+α2)/2, E = −p{(q−h2 + q−l2)t1 + (q
−h1 + q−l1)t2}.
Set q = 1 + ε. By using Taylor’s expansion
g(x/q) = g(x) + (−ε+ ε2)xg′(x) + ε2x2g′′(x)/2 +O(ε3),(4.26)
g(qx) = g(x) + εxg′(x) + ε2x2g′′(x)/2 +O(ε3),
we find the following limit as ε→ 0:
x2(x− t1)(x− t2)g
′′(x)
(4.27)
+ [(1 + h2 − l2)x(x− t1) + (1 + h1 − l1)x(x− t2)− 2λ(x− t1)(x− t2)]xg
′(x)
+ [α1α2x
2 + B˜x+ t1t2λ(λ+ 1)]g(x) = 0,
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where
λ = (h1 + h2 − l1 − l2 − α1 − α2 + 1)/2, B˜ = −λ(λ− h2 + l2)t1 − λ(λ− h1 + l1)t2.
(4.28)
This is a Fuchsian differential equation with four singularities {0, t1, t2,∞} and the
local exponents are given by the following Riemann scheme:
(4.29)

x = 0 x = t1 x = t2 x =∞λ 0 0 α1
λ+ 1 l1 − h1 l2 − h2 α2

 .
Set y = x−λg(x). Then the singularity x = 0 disappears and we have
(x− t1)(x− t2)
d2y
dx2
+ {(2 + h1 + h2 − l1 − l2)(x− t1) + (t1 − t2)(h1 − l1 + 1)}
dy
dx
(4.30)
+ (λ+ α1)(λ+ α2)y = 0.
The hypergeometric equation appears by setting z = (x− t1)/(t2 − t1), and we have
z(1− z)
d2y
dz2
− {(2 + h1 + h2 − l1 − l2)z + l1 − h1 − 1}
dy
dz
(4.31)
− (λ+ α1)(λ+ α2)y = 0.
Recall that the variant of the q-hypergeometric equation of degree three was given
by
(x− qh1+1/2t1)(x− q
h2+1/2t2)(x− q
h3+1/2t3)g(x/q)
(4.32)
+ q2α+1(x− ql1−1/2t1)(x− q
l2−1/2t2)(x− q
l3−1/2t3)g(qx)
+ qα[−(q + 1)x3 + q1/2{(qh1 + ql1)t1 + (q
h2 + ql2)t2 + (q
h3 + ql3)t3}x
2
− q(h1+h2+h3+l1+l2+l3+1)/2{(q−h1 + q−l1)t2t3 + (q
−h2 + q−l2)t1t3 + (q
−h3 + q−l3)t1t2}x
+ q(h1+h2+h3+l1+l2+l3)/2(q + 1)t1t2t3]g(x) = 0.
Set q = 1 + ε. By using Taylor’s expansion, we find the following limit as ε→ 0:
x2(x− t1)(x− t2)(x− t3)g
′′(x)(4.33)
+ x2(x− t1)(x− t2)(x− t3)
{h1 − l1 + 1
x− t1
+
h2 − l2 + 1
x− t2
+
h3 − l3 + 1
x− t3
−
2(ν − α)
x
}
g′(x)
+ [α(α+ 1)x3 − α{(l1 − h1 + α)t1 + (l2 − h2 + α)t2 + (l3 − h3 + α)t3}x
2
+ B˜x− t1t2t3(ν − α)(ν − α + 1)]g(x) = 0,
where ν = (h1 + h2 + h3 − l1 − l2 − l3 + 1)/2 and
B˜ = (ν − α + 1/2){(ν − α− h1 + l1)t2t3 + (ν − α− h2 + l2)t3t1(4.34)
+ (ν − α− h3 + l3)t1t2}.
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Set y = x−ν+α(x − t2)
νg(x) and z = (x − t1)(t3 − t2)/{(x − t2)(t3 − t1)}. Then we
obtain
z(1− z)
d2y
dz2
− {(2 + h1 + h3 − l1 − l3)z + l1 − h1 − 1}
dy
dz
(4.35)
− ν(ν − h2 + l2)y = 0.
5. Concluding remarks
In this paper, we introduced the variants of q-hypergeometric equation of degree
two or three, which corresponds to the Fuchsian differential equation with three
singularities which may not contain 0 or/and ∞ as q → 1. We obtained three kinds
of explicit solutions to the variant of q-hypergeometric equation of degree two, and
also obtained the conjectural solutions to the variant of q-hypergeometric equation
of degree three.
It is known that the relations between the solutions of the hypergeometric differ-
ential equation about z = 0 and those about z = ∞ are written explicitly by using
the gamma function, and also the analogous relation for the basis hypergeometric
functions (see [2]). The integral representations of the hypergeometric functions or
the basic hypergeometric functions were applied to obtain these relations.
Then we propose a problem to obtain the relations of three kinds of solutions
to the variants of the q-hypergeometric equation of degree two. For this purpose,
integral representations of solutions to the variants of the q-hypergeometric equation
should be studied well. Note that the Jackson integral representation of the q-Appell
function was written in the book of Gasper and Rahman [2], and it is possible to
obtain a Jackson integral representation of the function g1(x) in the introduction by
restricting the parameters as in the proof of Theorem 3.2.
Yamaguchi [11] studied the Jackson integral representation of solutions to q-differential
equations which are related with the variants of the q-hypergeometric equation in his
master thesis. Sakai and Yamaguchi [7] constructed a q-analogue of the middle con-
volution, and it would be useful to study integral representation of solutions to the
variants of the q-hypergeometric equation or the q-Heun equation.
Our motivation of introducing the variants of the q-hypergeometric equation is
to confluence of singularities of the q-difference equations. We hope to investigate
procedures of confluence from the variants of the q-hypergeometric equation and their
explicit solutions.
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Appendix A. q-Appell function and a variant of q-hypergeometric
equation
It is known in [2] that the q-Appell series defined by
(A.1) f(x, y) = Φ(1)(a; b, b′; c; q; x, y) =
∞∑
n,m=0
(a; q)m+n(b; q)m(b
′; q)n
(c; q)m+n(q; q)m(q; q)n
xmyn
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satisfies the difference equations
(abx− c/q)f(q2x, qy)− (bx− 1)f(qx, y)− (ax− c/q)f(qx, qy) + (x− 1)f(x, y) = 0,
(A.2)
(ab′y − c/q)f(qx, q2y)− (b′y − 1)f(x, qy)− (ay − c/q)f(qx, qy) + (y − 1)f(x, y) = 0,
which are confirmed by a direct calculation. By replacing x with qx in the second
equation of Eq. (A.2), we have
(A.3)
(ab′y−c/q)f(q2x, q2y)−(b′y−1)f(qx, qy)−(ay−c/q)f(q2x, qy)+(y−1)f(qx, y) = 0.
By erasing the term f(q2x, qy) in Eqs. (A.2) and (A.3), we have
(a− c/q)(bx− y)f(qx, y) = (ay − c/q)(x− 1)f(x, y)(A.4)
− {(ay − c/q)(ax− c/q) + (abx− c/q)(b′y − 1)} f(qx, qy)
+ (abx− c/q)(ab′y − c/q)f(q2x, q2y).
By erasing the term f(qx, y) in Eqs. (A.2) and (A.3), we have
− (a− c/q)(bx− y)f(q2x, qy) = −(bx − 1)(ab′y − c/q)f(q2x, q2y)
(A.5)
+ {(y − 1)(ax− c/q) + (b′y − 1)(bx− 1)} f(qx, qy)− (x− 1)(y − 1)f(x, y).
We replace (x, y) with (qx, qy) in Eq. (A.4) and substitute it into Eq. (A.5). Then
we obtain the following third order q-difference equation.
(abqx− c/q)(ab′qy − c/q)f(q3x, q3y)
(A.6)
− {(aqx− c/q)(aqy − c/q) + (abqx− c/q)(b′qy − 1) + (bx− 1)(ab′qy − c)}f(q2x, q2y)
+ {(qx− 1)(aqy − c/q) + (aqx− c)(y − 1) + q(bx− 1)(b′y − 1)}f(qx, qy)
− q(x− 1)(y − 1)f(x, y) = 0.
In the case c = bb′, the third order q-difference equation is reducible and we obtain
the following second order q-difference equation;
Proposition A.1. The q-Appell series f(x, y) defined in Eq. (A.1) with the condition
bb′ = c satisfies
(aqx− b′)(aqy − b)f(q2x, q2y)(A.7)
− {aq(q + 1)xy − q(a+ b)x− q(a+ b′)y + (bb′ + q)}f(qx, qy)
+ q(x− 1)(y − 1)f(x, y) = 0.
Proof. By substituting f(x, y) = xmyn into the left-hand side of Eq. (A.7), we have
q(1− aqm+n+1)(1− aqm+n)xm+1yn+1 − q(1− aqm+n)(1− bqm+n)xm+1yn(A.8)
− q(1− aqm+n)(1− b′qm+n)xmyn+1 + q(1− cqm+n−1)(1− qm+n)xmyn.
We substitute the function f(x, y) defined in Eq. (A.1) with the condition bb′ = c
into the left-hand side of Eq. (A.7). It follows from the formula (1 − aqm+n+1)(1 −
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aqm+n)(a; q)m+n = (a; q)m+n+2 and so on that the left-hand side of Eq. (A.7) is equal
to
q
{ ∑
m≥0,n≥0
(a; q)m+n+2(b; q)m(b
′; q)n
(c; q)m+n(q; q)m(q; q)n
xm+1yn+1(A.9)
−
∑
m≥0,n≥0
(a; q)m+n+1(b; q)m(b
′; q)n
(c; q)m+n(q; q)m(q; q)n
(1− bqm+n)xm+1yn
−
∑
m≥0,n≥0
(a; q)m+n+1(b; q)m(b
′; q)n
(c; q)m+n(q; q)m(q; q)n
(1− b′qm+n)xmyn+1
+
∑
m≥0,n≥0
(a; q)m+n(b; q)m(b
′; q)n
(c; q)m+n−1(q; q)m(q; q)n
(1− qm+n)xmyn
}
=q
{ ∑
m≥1,n≥1
(a; q)m+n(b; q)m−1(b
′; q)n−1
(c; q)m+n−2(q; q)m−1(q; q)n−1
xmyn
−
∑
m≥1,n≥0
(a; q)m+n(b; q)m−1(b
′; q)n
(c; q)m+n−1(q; q)m−1(q; q)n
(1− bqm+n−1)xmyn
−
∑
m≥0,n≥1
(a; q)m+n(b; q)m(b
′; q)n−1
(c; q)m+n−1(q; q)m(q; q)n−1
(1− b′qm+n−1)xmyn
+
∑
m≥0,n≥0
(a; q)m+n(b; q)m(b
′; q)n
(c; q)m+n−1(q; q)m(q; q)n
(1− qm+n)xmyn
}
.
In the summation, we divide into the case m ≥ 1, n ≥ 1 and the other cases. Then
we have
q
[
∞∑
m=1,n=1
(a; q)m+n(b; q)m−1(b
′; q)n−1
(c; q)m+n−1(q; q)m(q; q)n
{(1− cqm+n−2)(1− qm)(1− qn)
(A.10)
− (1− b′qn−1)(1− qm)(1− bqm+n−1)− (1− bqm−1)(1− qn)(1− b′qm+n−1)
+ (1− bqm−1)(1− b′qn−1)(1− qm+n)}xmyn
−
∞∑
m=1
(a; q)m(b; q)m−1
(c; q)m−1(q; q)m−1
(1− bqm−1)xm −
∞∑
n=1
(a; q)n(b
′; q)n−1
(c; q)n−1(q; q)n−1
(1− b′qn−1)yn
+
∞∑
m=1
(a; q)m(b; q)m
(c; q)m−1(q; q)m
(1− qm)xm +
∞∑
n=1
(a; q)n(b
′; q)n
(c; q)n−1(q; q)n
(1− qn)yn
]
= 0,
because the second summation is equal to the fourth summation, the third summation
is equal to the fifth summation, and it follows from c = bb′ that the inside of the curly
brace is equal to 0. 
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